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19 A REMARK ON ALGEBRAIC CYCLES ON
CUBIC FOURFOLDS
KALYAN BANERJEE
Abstract. In this short note we try to generalize the
Clemens-Griffiths criterion of non-rationality for smooth
cubic threefolds to the case of smooth cubic fourfolds.
1. Introduction
In algebraic geometry, one of the most important problems
is to detect the rationality of a given variety. In the remark-
able paper [CG] by Clemens and Griffiths it has been proved
that a smooth cubic threefold is non-rational. The method
was elegant. They proved that a rational, smooth threefold
must have its intermediate jacobian isomorphic to product of
Jacobian of curves. Further it has been proved that no smooth
cubic threefold satisfies this criterion. The next question is a
smooth cubic fourfold rational, at least a very general one. Re-
cent work by Hassett suggests that there exists smooth cubic
fourfolds which are rational, [H]. In this paper we propose a
criterion similar to that of Clemens and Griffiths, by studying
the group of algebraically trivial one cycles modulo rational
equivalence(denoted by A1) of the cubic fourfold.
We first prove that the group of algebraically trivial one cy-
cles on a cubic fourfold is of essential dimension 2, meaning
that A1 of a cubic fourfold admits a surjective map from A0
(algebraically trivial zero cycles modulo rational equivalence)
of a smooth projective surface, and that it is not dominated
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by the Jacobian of a smooth projective curve, this later fact is
due to Schoen [Sc]. Then we prove that A1 of a cubic fourfold
is isomorphic to the kernel of the push-forward at the level of
A0 induced by a correspondence between two surfaces, which
occur in a very natural way. At the same time we prove that
the kernel of the above homomorphism at the level of A0 can-
not admit a surjective map from the A0 of some other smooth,
projective, surface. This point is subtle. Let X be the cubic
fourfold and T, S are the surfaces and Γ is a correspondence on
T ×S. Let us consider ker(Γ∗) from A0(T ) to A0(S). Then we
prove that there does not exists a surface S ′, and correspon-
dences Γ1 supported on S
′ × T , and Γ2 supported on S
′ ×X ,
such that image of Γ1∗ is the kernel of Γ∗ and the diagram
A0(S
′)

Γ2∗
// A1(X))

A0(S
′)
Γ1∗
// ker(A0(T )→ A0(S))
commutes.
Theorem 1.1. A1 of a smooth cubic fourfold is isomorphic
to the kernel of the push-forward induced by a correspondence
between two fixed smooth projective surfaces and it is not dom-
inated by the A0 of a single smooth projective surface (in the
sense mentioned above).
This raises a natural criterion for non-rationality of a cubic
fourfold interms of A0 of smooth projective surfaces. We define
that the A1 of a cubic fourfold is representable upto dimension
two if it is dominated by a sum of A0’s of smooth projective
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curves and smooth projective surfaces. It follows that if a cu-
bic is rational then it is representable upto dimension 2 and
further the kernel of the homomorphism from the finite direct
sum of A0 of smooth projective surfaces and curves to the A1
of the cubic is isomorphic to a finite direct sum of smooth pro-
jective surfaces and curves . Since any smooth cubic fourfold is
unirational the group A1 is always dominated by a finite direct
sum of A0 of surfaces and curves. But suppose that the kernel
of this homomorphism from a finite direct sum of A0’s of sur-
faces and curves to the group A1 of the cubic is not isomorphic
to a finite direct sum of A0’s of surfaces and curves, then it is
non-rational. The main result of this paper is as follows:
So the natural question is whether for a very general smooth
cubic fourfold the the kernel of the homomorphism from a finite
sum of A0’s of smooth projective surfaces and curves to A1 of
the cubic is not isomorphic to a finite sum of A0’s of smooth
projective surfaces and curves, or can we say that the smooth
cubic fourfolds satisfying the criterion that the above kernel
being isomorphic to a finite sum of A0’s of smooth projective
surfaces and curves are parametrized by a countable union of
the Zariski closed subsets in the moduli of cubic fourfolds.
In this context we would like to mention that recently C.Voisin
has an approach to the non-rationality of a smooth cubic four-
fold in terms of Chow theoretic decomposition of the diagonal
of the cubic, [CP], [V1],[V2]. According to that approach if a
smooth cubic fourfold does not admit the Chow theoretic de-
composition of the diagonal then its not stable rational, hence
non-rational. We are investigating the relations between our
approach and that of Voisin. This issue will be dealt in a sequel
of articles.
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Throughout this text we work over the field of complex num-
bers.
2. Conic bundle construction and the essential
dimension of Chow group of a cubic fourfold
We work over the field of complex numbers. Let X be a
cubic fourfold. Let L be a line on X (since X is unirational,
such a line exists). Then we project X onto P3 from the line
L, that is we consider the rational map induced by the line
L. Then we blow up the indeterminacy locus of this rational
map, to get XL, and a regular map from XL to P
3. The inverse
image of a point in P3 is a conic in P2. Consider the surface S
in P3 such that the inverse image of a point is a union of two
lines. This surface is called the discriminant surface. Let T be
the double cover of S sitting inside F (X). Then we prove the
following:
Theorem 2.1. The map from A0(T ) to A1(X) is onto, and the
composition Z∗f
∗ sends A0(S) to zero under this composition.
Proof. Consider a hyperplane section Xt of X , then L might
or might not be contained in Xt. If L is not contained in Xt,
then we have a regular map from Xt to P
2 (by considering
successive projections). Let us consider two lines on Xt, then
under the projection pitL from L, they are mapped onto two
rational curves on P2, by Bezout’s theorem these curves inter-
sect and we get a point z in P2. Since the inverse image of z
is a union of two lines, z belongs to the discriminant curve St
of the projection.
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Now let L belong to Xt. Then we have to prove that for
pairs of lines of the form (L, L′), there exists a point z on
the discriminant curve. For that we consider the strict trans-
form of Xt along L. Then we have a regular map from XtL to
P2. Under this blow up we have decomposition of A2(XtL) ∼=
pi∗tL(A
2(Xt))⊕ j∗(A
1(Z)), where Z is a P1-bundle over L. This
means that pi−1tL (L) is a ruled surface, which produces a divisor
on Xt, supported on Z, since A
1(Z) is trivial, this divisor is
rationally trivial. Hence the group A2(XtL), and A
2(Xt) is gen-
erated by differences of lines of the form L1−L2, where L1, L2
are different from L. For such differences we have a point z on
the discriminant curve St. Then this analysis tells us that the
composition of Zt∗ is surjective from A0(Tt) to A1(Xt), where
Zt is the Universal line on the product Xt × F (Xt) and ft is
the 2 : 1 map from Tt → St. Then if we compose Zt∗ and f
∗
t ,
it will give pi∗L, so we have A0(St) goes to zero under Zt∗ ◦ f
∗
t .
Now A0(S) is generated by A0(St), where St is a smooth pro-
jective curve in S, on the other hand A1(X) is generated by
A1(Xt), where Xt is a smooth hyperplane section, by Bertini’s
theorem. So we get the result.

Now we try to understand the kernel of the push-forward
from A0(Tt) to A0(T ) and prove the following:
Theorem 2.2. For a general t the kernel of A0(Tt) → A0(T )
is contained in the kernel of A0(Tt)→ A1(Xt).
Proof. Consider the following commutative diagram.
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SymgTt

// SymgT

A0(Tt)
jt∗
// A0(T )
Since the fiber of the right vertical map is a countable union
of Zariski closed subsets in SymgT , and the map from SymgTt
to A0(Tt) is onto, we have that the kernel of jt∗ is a countable
union of Zariski closed subsets in J(Tt), under the identification
A0(Tt) ∼= J(Tt). Since ker(jt∗) is a subgroup and we work over
uncountable ground fields, we have the kernel is a countable
union of shifts of an abelian subvariety At inside J(Tt) [for
more details please see, [BG]].
Now we prove that this kernel is either countable or all of
J(Tt) by using monodromy argument. First of all we notice
that Zt∗ is onto from A0(Tt) to A1(Xt), which by the equiv-
alence of Hodge structures and abelian varieties gives rise to
a surjective map Zt∗ from H
1(Tt,Q) to H
3(Xt,Q). Consid-
ering a Lefschtez pencil through Xt, we have an action of
pi1(P
1 \{01, · · · , 0m}, t) on H
3(Xt,Q), hence on Z∗(H
1(Tt,Q)).
This action is given by the Picard Lefschetz formula and it acts
irreducibly on H3(Xt,Q) [Vo],[Voi], and hence on the image of
Z∗.
Now suppose that there exists t such that At is neither zero
nor all of J(Tt). Then this t corresponds to a morphism C[s]→
C, and using this morphism we can spread At, J(St) to all over
Spec(C[s]). This can be done as follows. Suppose that At is
given by C[x, y, z]/f(x, y, z), the we can consider its spread
over C[t] to be Spec(C[s][x, y, z])/f(x, y, z). Then there exists
A and J , which are spreads of At, J(Tt) respectively. As soon
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as we have a spread we can consider the fibration given by
them over some Zariski open subset of A1. Any such fibration
corresponds to a locally constant sheaf and hence action of
the fundamental group of pi1(U, t) on the stalks of the locally
constant sheaf, where U is Zariski open around t. The point
t belongs to U , because the fiber over it is smooth (so when
applying Ehressmann’s theorem on fibration, we don’t throw
away t). Therefore pi1(U, t) acts on Z∗(H
2d−1(At,Q)), where d
is the dimension of At. On the other hand Z∗(H
2d−1(At,Q))
is embedded in Z∗(H
1(Tt,Q)) and this embedding is a map of
pi1(U, t) modules (because it is induced by a regular morphism
of algebraic varieties). Therefore Z∗(H
2d−1(At,Q)) is pi1(U, t)
invariant and hence it is equal to {0} or Z∗(H
1(Tt),Q). So
either At is contained inside the kernel of J(Tt) → A1(Xt) or
it maps surjectively onto A1(Xt). The later cannot happen
because then A1(Xt) maps to zero for a general t into A1(X),
which gives that A1(X) is representable, which is not true.
Hence for a general t, we have that At is contained inside the
kernel of J(Tt)→ A1(Xt). 
Remark 2.3. This arguments goes through for any uncount-
able ground field of characteristic zero, we have to argue by
using e´tale fundamental groups instead of usual fundamental
groups.
3. Prym construction of correspondences
In this section we are interested in the following problem.
Let Γ1 be a correspondence on S1 × X , where S1 is a surface
and X a cubic fourfold, such that Γ1∗ is an isomorphism from
A0(S1) to A1(X). Similarly let Γ2 be a correspondence on
S2 × X , where S2 is another surface, such that Γ2∗ is an iso-
morphism. Then can we cook up Γ, which is a correspondence
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of degree zero between S1 and S2. So we prove the following
theorem:
Theorem 3.1. Let S1, S2 be smooth projective surfaces and X
is a smooth fourfold. Let Γ1,Γ2 are correspondences from S1, S2
to X. Let Γ′i be the extension of Γi supported on SiC(Si)×XC(Si).
Consider the homomorphism XC(Si) → XC(S1)×C(S2) and com-
pose it with Γ′i and denote the composition by Γ
′
i. Suppose that
for the generic points ηi of Si we have
Γ′1(η1) = Γ
′
2(η2) .
Also assume that Γ1∗,Γ2∗ are both surjective, then there exists
a correspondence R from S1 to S2 such that R induces a ho-
momorphism from A0(S1) to A0(S2), and the kernel of R is
torsion if Γ1∗ is injective.
Proof. Suppose that we are given that for the generic points
of S1, S2, the correspondences coincide. Precisely it means the
following. Let η1, η2 be two points of transcendence degree 2
on S1, S2 respectively and Γ
′
1,Γ
′
2 denote the extension of Γ1,Γ2
over Spec(C(S1)), Spec(C(S2)), respectively, that is we have Γ
′
i
supported on SiC(Si) × XC(Si). We further consider the mor-
phism XC(S1) → XC(S1)×C(S2) and XC(S2) → XC(S1)×C(S2), con-
sider the homomorphism induced by them at the level of Chow
groups and demand that the image of Γ′1(η1) is rationally equiv-
alent to the image of Γ′2(η2) onXC(S1)×C(S2). Now we know that
Chow group of zero cycles of XC(S1)×C(S2) is isomorphic to the
colimit of Chow groups of zero cycles
lim
−→
CH0(X ×Spec(k) U)
where U is Zariski open in S1 × S2. So the above condition
means that there exists closed points (s1, s2), in U inside S1×S2
such that
Γ1∗(s1) = Γ2∗(s2) .
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Let us give some more details on it. We have CH0(X ×Spec(k)
U), is dominated by CH0(X ×Spec(k) (U1 × U2)), where U1, U2
are open in S1, S2, and since Γ1∗,Γ2∗ are surjective when re-
stricted to U1, U2. So we get the homomorphisms Γi∗ from
CH0(Ui), to CH0(X ×Spec(k) Ui), that will further surject onto
CH0(X ×Spec(k) U). Therefore the image of Γ
′
i∗(ηi) for i = 1, 2
coincide means that there exists z1, z2 supported on U1, U2 such
that Γ1∗(z1) is rationally equivalent to Γ2∗(z2). Since ηi’s are
generic points of Si, and we have that CH0(ηi) = lim−→
CH0(Ui),
where Ui is open in Si, we have that ηi is rationally equivalent
to si, for some closed point si on Ui. This actually shows that
for any closed point s1 in U1, there exists s2 in U2 such that
Γ1∗(s1) is rationally equivalent to Γ2∗(s2) and vice versa.
Then consider the set R inside S1 × S2 given by the pairs
(s1, s2) such that Γ1∗(s1) = Γ2∗(s2) in A1(X), by the above
this set R is non-empty. Assuming that Γ1,Γ2 are relative
cycles in the sense of Suslin-Voevodsky [SV], we get a mor-
phism from S1 × S2 → C
d
1 (X) × C
d
1 (X). Using this and the
fact from [R],[M], that the fibers of the map from Cd1 (X) ×
Cd1 (X) to A1(X) are countable union of Zariski closed sub-
sets of Cd1 (X)× C
d
1 (X), we get that R is a countable union of
Zariski closed subsets in S1 × S2. Since it maps surjectively
onto S1, S2, there exists a Zariski closed R1, R2, which map
surjectively onto S1, S2 respectively. Therefore R1, R2 are of
dimension atleast 2. Suppose that dimension of R1 is 4, then a
general fiber of the projection from R1 to S1 is 2, which gives us
that A0(S2) is zero, therefore A1(X) is zero which is not true.
So R is of dimension 3 or 2, in the case when R is of dimension
3, in this case the fibers are of dimension 1. For the generic
point η1 of S1, the generic fiber R1η1 is a smooth projective
curve, and its Jacobian maps to zero on X . Since CH0(R1η1) is
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the colimit of CH0(R1U ), where U is Zariski open in S1, we get
that there exists a natural map from CH0(R1) to CH0(R1η1)
and also we have CH0(R1) → CH0(S1), which is surjective by
the construction of R1. Since the colimit lim−→
CH0(R1U) maps
onto the colimit lim
−→
CH0(U), which is CH0(η) and that again
naturally maps to CH0(S1), so that CH0(R1) → CH0(S) fac-
tors through CH0(R1η1) and hence A0(R1η1) maps surjectively
onto A0(S1), so A0(S1) becomes weakly representable, which
is not true as it maps surjectively onto A1(X), which is non-
representable. Hence we have a correspondence R mapping
finitely onto S1, such that R∗ maps A0(S1) to A0(S2), by the
following formula,
R∗(s1) =
∑
i
s1i
where Γ1∗(s1) = Γ2∗(s1i) and we have that
Γ2∗R∗(s1) = rΓ1∗(s1)
where r is the degree of the map from R to S1. In particular
R∗ has torsion kernel. So we proved the following theorem.

4. Kernel of a correspondence at the level of
zero cycles on smooth projective surfaces
In this section we are interested in the following problem,
that let R be a correspondence on S1×S2, giving a homomor-
phism from A0(S1) to A0(S2). Can that kernel of R∗ be the
A0 of a surface S. Precisely that means, can there exists a
correspondence Γ on S × S1, such that Γ∗ is an isomorphism
onto the ker(R∗). So we prove the following theorem :
Theorem 4.1. Suppose that S1 has irregularity zero and the
albanese map is not an isomorphism for both S1, S2 and sup-
posing that R∗ is onto and not injective. Then there does not
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exist a smooth projective surface S and a correspondence Γ on
S × S1 such that image of Γ∗ is equal to kernel of R∗ and Γ∗
isomorphism.
Proof. With our assumption we get the following things, that
is the Jacobians of the hyperplane sections of S1, generate
A0(S1), hence their images under R∗, generate A0(S2). Since
A0(S1), A0(S2) are not weakly representable (that is not iso-
morphic to the albanese), the kernels of the corresponding ho-
momorphisms from Jacobians of the hyperplane sections of S1
to A0(S1), A0(S2) are countable (this is due to the monodromy
argument as in section 2.
Let us embedd S, S1 into some projective space. Let St be
a general smooth hyperplane section of S. We have Γ sup-
ported on S × S1, of dimension 2. Consider the composition
Γ∗jt∗ from J(Ct) to A0(S1). Since the image of this group is
finite dimensional, there exists a hyperplane section of S1 say
S1s (we may have to choose a higher degree embedding of S1
into a projective space) such that the image of J(Ct) under
Γ∗jt∗ is contained in J(S1s). Hence by Mumford-Roitman type
argument there exists a correspondence Γs,t on J(Ct)× J(Cs)
such that we have
Γs,t∗ : J(Sη)→ J(S1η) .
So for a general closed point t and by the divisibility prop-
erty of the group of algebraically trivial cycles modulo rational
11
equivalence, we have the following commutative diagram.
J(St)

Γs,t∗
// J(S1s)

A0(S) // A0(S1)
Since A0(S) is not isomorphic to albanese of S, we have
that the kernel of the left vertical homomorphism is countable
for a general t. Since Γ∗ is injective so Γs,t∗ has countable
kernel. Now J(St) goes to zero under R∗, so it goes to zero
under Rt∗. Now the kernel of Γs,t∗, Rt∗ are countable therefore
image of Γs,t∗ is contained in the kernel of R∗, which is an
uncountable set, this is a contradiction. So we cannot have
ker(R∗) isomorphic to A0(S).

5. The application of the above result for the
study of one cycles on a cubic fourfold
Let X be a smooth cubic fourfold as before. Let S be the
discriminant surface of the projection from a line l from X to
P3. Let S˜ be the double cover of S inside the Fano variety of
lines F (X). Then as in the 2, we have proven that the natural
homomorphism from A0(S˜) to A1(X) is surjective. Also let pi
be the 2 : 1 map from S˜ to S. Then we have a pull-back at
the level of zero cycles
pi∗ : A0(S)→ A0(S˜)
then we have that
Z∗pi
∗(t−s) = Z∗(pi
∗(t)−pi∗(s)) = Z∗(l
1
s+l
2
s−l
1
t−l
2
t ) = f
∗(s−t) = 0
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where f is the regular map obtained by blowing up the center of
the projection from X to P3. Since s−t is rationally equivalent
to zero on P3 we have that f ∗(s− t) is rationally equivalent to
zero. So the kernel of Z∗ contains pi
∗(A0(S)). Now we prove
that the kernel of Z∗ is exactly pi
∗(A0(S)).
Theorem 5.1. The group A1(X) is isomorphic to the A0(S˜)/pi
∗(A0(S)).
Proof. So let a belongs to the kernel of Z∗. Then a is sup-
ported ⊕A0(S˜t) for finitely many t, so we have that it is of
the form
∑
i Zti∗(ati), where Zt∗ is the homomorphism from
A0(S˜t) to A1(X). So to understand the kernel of Z∗, we have
to understand the kernel of ⊕iZti∗ from
⊕iA0(S˜ti)→ A1(X) .
So let us consider the following commutative diagram.
∏
i Sym
gS˜ti

// C d1 (X)

⊕iA0(S˜ti)
Zti∗
// A1(X)
Since the fiber of the right vertical morphism is a countable
union of Zariski closed subsets in the Chow scheme of one cycles
on the cubic, we have that the kernel of the lower horizontal
homomorphism is a countable union of Zariski closed subsets
in the direct sum
⊕iA0(S˜ti) .
By using the uncountability of the ground field we get that the
kernel is a countable union of shifts of an abelian variety A in-
side the product
∏
i J(S˜ti). Since the abelian variety lies inside
the product of Jacobians, it will follow that it is isogenous to
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the product of abelian varieties Ai, where each Ai is embed-
ded into J(S˜ti). This fact comes from the equivalence between
polarized Hodge structures and abelian varieties. The abelian
variety A corresponds to a Hodge structure in the direct sum
⊕iH
1(S˜ti ,Q), so it decomposes into a sum ⊕iHi, where Hi is
a Hodge substructure in H1(S˜ti ,Q). Now let A be a proper
non-trivial subvariety inside the product. Then there exists
atleast one Ai, which is proper and non-trivial in J(S˜ti). Let
D be a Lefschetz pencil through Xti . Then we have an action
of pi1(D\01, · · · , 0m, ti) on H
3(Xti,Q). So we have the induced
action of the above fundamental group on Zti∗(H
1(S˜ti ,Q)). So
the image of Ai under Zti∗ gives rise to a Hodge substructure
Hi in Zti∗(H
1(S˜ti ,Q)).
Now extend the scalars from C to C(t). Consider the abelian
variety AiC(t) (by abuse of notation we mean the image of Ai
under Zti∗) over the function field C(t). Let L be a finite
extension of C(t) inside the algebraic closure ¯C(t), such that
AiC(t), J(S˜ti)C(t) are defined over L. Let D
′ be a smooth projec-
tive curve which maps finitely onto D and C(D′) = L. Then
we spread the abelian varieties AiC(t), J(S˜ti)C(t) over a Zariski
open U ′ in D′. Let us denote this spreads by A ,J respec-
tively. Throwing out some more points from U ′ we get that
the map from A ,J to U ′ is a proper submersion. So by the
Ehressmann’s fibration theorem we get a locally constant sheaf
on which pi1(U
′, t′) acts. The locally constant sheaf has its stalk
as H2d−1(Ati ,Q), H
1(S˜ti ,Q) and t
′ is a closed point of U ′ lying
over ti. Now pi(U
′, t′) is a finite index subgroup in pi1(U, ti),
where U = D\01, · · · , 0m. Now we prove that pi1(U, ti) acts on
H2d−1(Ati ,Q), that is this subspace is pi1(U, ti) stable. By the
Picard Lefschetz formula we have that the action of pi1(U, ti)
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acting on Zti∗H
1(S˜ti ,Q) given by
γ.Zti∗(α) = Zti∗(α)± 〈Zti∗(α), δγ〉δγ
where Zti∗ is the homomorphism of Hodge structures from
H1(S˜ti ,Q) to H
3(Xti,Q) and it is surjective, γ is a generator of
the fundamental group, δγ is the vanishing cycle corresponding
to the generator γ. Since pi1(U
′, t′) is of finite index in pi1(U, ti),
let this index be m. Then we have that
γm.α = α±m〈α, δγ〉δγ
where α belong toH2d−1(Ati ,Q). SinceH
2d−1(Ati ,Q) is pi1(U
′, t′)
invariant and γm belongs to pi1(U
′, t′), so we have that γm.α−α
belongs to H2d−1(Ati ,Q). Therefore we have that
m〈α, δγ〉δγ
is in H2d−1(Ati ,Q). Dividing by m we get that 〈α, δγ〉δγ is in
H2d−1(Ati ,Q), therefore again by Picard Lefschetz formula we
have that γ.α is in the subspace. So H2d−1(Ati ,Q) is pi1(U, ti),
stable, rather its image in H3(Xti,Q) under Zti∗. So we get
that either H2d−1(Ati ,Q) goes to zero under Zti∗ or it is all of
H3(Xti ,Q). The second possibility says that Ati maps surjec-
tively to A1(Xti), which if true for a general ti, implies that
A1(X), is representable, which is not true. Hence we have that
Ai is contained in the kernel of Zti∗ from J(S˜ti) to A1(Xti).
Now consider the cubics Xt such that l ⊂ Xt. This is a
Zariski closed subset in the parameter space of all smooth cu-
bics. For suchXt, Sti is the discriminant curve of the projection
from l onto P2. So for such Xt, the kernel of J(S˜t) → A1(Xt)
is pi∗(J(St)), [Be][theorem 2.1 (iii)]. So the kernel is of dimen-
sion g for a special but smooth Xt. But we can prove that
the above map J(S˜t) → A1(Xt), for a smooth Xt, is a map
of pi(U, t) modules, where U parametrizes all smooth hyper-
plane sections of X . Therefore the dimension of the kernel is
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constant (because the dimension of the kernel of the map be-
tween corresponding local systems is constant). Therefore for
a general t, the kernel J(S˜t) → A1(Xt) is of dimension g and
it contains At, hence also pi
∗J(St). Therefore the kernel for a
general t is exactly equal to At = pi
∗J(St).
This analysis tells us that
∏
iAi = A lies in the direct
sum ⊕ipi
∗
i (J(Sti)), hence any element in the kernel of Z∗, is
in pi∗(A0(S)). Hence we have that A0(S˜)/pi
∗(A0(S)) is isomor-
phic to A1(X).

Remark 5.2. This analysis also tells us that A1(X) is the
kernel of the push-forward from A0(S˜) to A0(S). Argument
will be similar as above. By the previous section we know that,
this kernel from A0(S˜) to A0(S) cannot be of the form A0(S
′)
(since A0(S˜), A0(S) are not weakly representable), for some
other surface S ′, meaning that there cannot exists a surface S ′
and a correspondence supported on S ′ × S˜, such that Γ∗ is an
isomorphism from A0(S
′) to the kernel of A0(S˜)→ A0(S).
6. Weak representability of Chow groups upto
dimension two and its application to study
1-cycles on cubic fourfolds
In the previous section we prove that the group A1(X) can-
not be isomorphic A0(S), where S is a smooth projective sur-
face and X is a cubic fourfold. In this section we weaken this
notion of representability and we prove that there cannot exist
a surjective homomorphism from A0(S) to A1(X), for some
smooth projective surface S. For this we use the fact that
A1(X) is isomorphic to the kernel of A0(S1)→ A0(S2).
Theorem 6.1. Let S1, S2 be two smooth projective surface with
irregularity zero, such that A0(S1), A0(S2) are not representable
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and A0(S1) surjects onto A0(S2) through a homomorphism in-
duced by a correspondence and the homomorphism is not in-
jective and the kernel is not weakly representable. Then there
cannot exist a smooth projective surface S such that and a cor-
respondence Γ on S × S1 such that Γ∗ is onto from A0(S) to
ker(A0(S1)→ A0(S2)).
Proof. We embed S, S1, S2, into some projective spaces. Con-
sider a Lefschetz pencil on S1 and on S. So we have a net on
S×S1. The for a general member (s, t) of P
1×P1, we have J(Ss)
mapping to J(S1t). Let Γs,t be the correspondence inducing
this homomorphism. This would mean that we have a mor-
phism of Hodge structures Γs,t∗ from H
1(Ss,Q) to H
1(S1t,Q).
Now we observe that image of Γs,t∗ is pi1(P
1 \ {01, · · · , 0m}, t)
stable. This is because of the following reason. The Jacobian
J(Ss) is mapping into J(S1t). So it gives rise to an abelian
subvariety At inside J(S1t). Now this abelian subvariety, by
extending scalars is defined over Spec(C(x)), where C(x) is
the function field of the affine line. So attaching coefficients
of the defining equations of At, J(S1t), they are defined over
a finite extension L of C(x). Then find a smooth projective
curve D′ mapping finitely onto P1, and having the function
field equal to L. Then we spread the two abelian varieties
At, J(S1t) over a Zariski open U in D
′, throwing out more
points we get that this two spreads give rise to a fibration
over U , hence we have pi1(U, t
′) acting on H1(S1t,Q) and on
im(Γs,t∗). Then it is a consequence of the Picard Lefschetz
formula that image of Γs,t∗ is pi1(P
1 \ {01, · · · , 0m}, t) stable.
So by the irreducibility of the monodromy action we have that
image of Γs,t∗ is either zero or all of H
1(S1t,Q). The first op-
tion is not possible since Γ∗ is surjective and onto the kernel
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ker(A0(S1) → A0(S2)), and this kernel is not weakly repre-
sentable. So the only option is that Γs,t∗ is surjective. So sup-
pose that the kernel of J(Ss)→ A0(S1) is a countable union of
translates of an abelian variety As of J(Ss). Then the image of
As under Γs,t∗ is giving rise to a pi1(P
1 \ {01, · · · , 0m}, t) stable
subspace of H1(St,Q). So it is either 0 or all of H
1(St,Q).
In the second case J(S1t) maps to zero for a general t, which
is a contradiction to the fact that A0(S1) is non-representable
hence the kernel of J(S1t) → A0(S1) is countable for a gen-
eral t. So the second case is possible that is As lies in the
kernel of J(Ss)→ J(S1t) and it is a proper abelian subvariety
of J(Ss) since J(Ss) does not map to zero under Γs,t∗. So we
have that J(Ss) modulo the kernel of J(Ss) → A0(S1) is in-
side the kernel of J(S1t) → A0(S2), which is countable since
A0(S1)→ A0(S2) is surjective and A0(S2) is non-representable.
But the above analysis says that it contains a uncountable set
namely J(Ss) modulo the kernel of J(Ss) → A0(S1), because
otherwise J(Ss) will be a countable union of its proper Zariski
closed subsets. This is a contradiction, so there cannot exists
S and a correspondence Γ, such that Γ∗ from A0(S) to the
kernel of A0(S1)→ A0(S2) is surjective. 
Definition 6.2. Let X be a fourfold. We say that A1(X)
is weakly representable upto dimension 2, if there exists finite
many curves Ci, finitely many surfaces Sj and correspondences
Γi, Γj, such that
⊕Γi∗ ⊕ Γj∗ : ⊕J(Ci)⊕ A0(Sj)→ A1(X)
is onto.
Now we prove the following.
Theorem 6.3. Weak representability upto dimension 2 is a
birational invariant, meaning that if X is birational to Y , then
18
A1(X) is weakly representable upto dimension 2 if and only if
it is so for A1(Y ).
Proof. LetX be birational to Y . Then the indeterminacy locus
of the birational map X 99K Y is either of codimension 2 or
greater. So that if we blow up X along the indeterminacy
locus we get X˜ and the Chow group A1(X˜) is isomorphic to
A1(X)⊕J(C) or A1(X)⊕A0(S)⊕A
1(S), depending on whether
the indeterminacy locus is a curve or a surface. So if A1(X) is
weakly representable upto dimension 2, then so is A1(X˜). Since
X˜ maps surjectively onto Y , we have that A1(Y ) is weakly
representable upto dimension 2. Similarly changing the role
of X and Y we get that A1(Y ) is weakly representable upto
dimension 2 implies that it is so for A1(X). 
Similar argument as in previous theorem 6.1 will tell us
that for the kernel of A0(S1) → A0(S2) where A0(Si) is non-
representable for i = 1, 2, there cannot exist a surjection from
A0(S) ⊕ J(C), for some smooth projective curve C and a
smooth projective surface S. This means that we have the
following.
Theorem 6.4. If X is a cubic fourfold birational to P4, then
X cannot be obtained as a single blow up followed by a single
blow down.
6.5. The example of the A1 of a cubic fourfold contain-
ing a plane. Let X be a cubic fourfold containing a plane
P . Then we project from P , onto P2, so that the restriction
of this projection onto X is a rational map. So blowing up
the indeterminacy locus of this rational map, which is P , we
get X˜P , which inherits a quadric bundle structure over P
2.
Suppose that this quadric bundle satisfies the assumption of
proposition 2.3 in [H1]. Let us consider the projection from
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a point on this quadric bundle onto P4, it is known that this
map is birational. So the quadric bundle is rational. Now by
the previous theorem 6.4, we get that the quadric bundle can-
not be obtained by one blow up along a curve or surface in P4
followed by one blow down. In that case the blow up of the
cubic is weakly representable upto dimension 2 and not only
that, since we obtain X˜P by blowing up a plane in X , we have
A1(X) isomorphic to A1(X˜P ). So we get that A1(X) is isomor-
phic to A0(S)⊕Pic(S) for some surface S in P
4 or isomorphic
to J(C) for some smooth projective curve C in P4, which is
not possible. Therefore the quadric bundle X˜P is obtained by
more than one blowing up of P4, followed by a sequence of
blow downs. Since P4 is weakly representable upto dimension
2, it will follow that the quadric bundle is weakly representable
upto dimension 2.
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